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We argue that the spontaneous breakdown of symmetry in the chirally symmetric
Nambu{Jona-Lasinio model which was supposed to illustrate the origin of the low mass
of pions in hadron physics does not occur due to strong fluctuations in the σ - pi eld
space. Although quarks acquire a constituent mass, σ and pi turn out to have equal
heavy masses of the order of the constituent quark mass.
I. INTRODUCTION
The chirally symmetric Nambu{Jona-Lasinio model [1] was the rst theoretical laboratory to illustrate
how light pions arise from a spontaneous breakdown of chiral symmetry in hadron physics. The rst
realistic formulation of the model which included flavored quarks, possessed chiral symmetry SU(3)
SU(3), and a spectrum of ; ; ; A1 mesons and their SU(3) partners, was formulated and investigated
in 1976 by one of the authors [2], and has been the source of inspiration for many papers in nuclear
physics in the past twenty years [3]. By eliminating the Fermi elds in favor of a pair of collective
scalar and pseudoscalar elds  and , as well as vector and axial vector mesons, a Ginzburg Landau
like collective eld action was derived. This had been studied in detail earlier as an eective action
guaranteeing all low-energy properties of hadronic strong interactions which were known from current
algebra and partial conservation of the axial current (PCAC).
In two important respects, however, the model was unsatisfactory. First it was not renormalizable
in four dimensions but required a momentum space cuto  to produce nite results. Moreover, to
obtain physical quantities of the correct size, the cuto had to be rather small, below one GeV, thus
limiting the reliability of the predictions to very low energies. Second, if the fermions were identied
with quarks, the model could not account for their connement.
The nonrenormalizability was removed in [2] by replacing the four-fermion interaction by the ex-
change of a massive vector meson. The dierent attractive meson channels were obtained by a Fierz
transformation. The mass of the vector meson took over the role of the cuto. The energy range of
applicability was, however, not increased since the model would still allow for free massive quarks.
The purpose of this note is to point out a much more severe problem with the model which seems to
invalidate most conclusions derived from it in the literature: If chiral fluctuations are taken into account
in a certain nonperturbative approximation, the spontaneous symmetry breakdown disappears, and the
zero-mass pions acquire the same mass as the -mesons. The nonperturbative nature of the argument
seems to be the reason why the phenomena has been overlooked until now.
Since the Nambu{Jona-Lasinio model is incapable of accounting for connement, it gave no reason
for introducing colored quarks. It is curious to observe that the restoration of symmetry by chiral
fluctuations would oer such a reason, albeit with an unphysical number of colors: our conclusion can
be avoided only by introducing at least ve identical replica of fermions. The existing three colors are
therefore insucient to save the model within our approximation.
The non-perturbative arguments used in this paper are anologous to those applied before in a discus-
sion of the Gross-Neveu model [4] in 2 + " dimensions [5] where it was shown that this model has two
phase transitions, one where quarks become massive and another one where chiral symmetry breaks
spontaneously.




Let us briefly recall the relevant features of the the Nambu{Jona-Lasinio model for our considerations.
The model contains Nf quark elds  (x), one for each flavor. Later, when we run into the diculties
in achieving spontaneous symmetry breakdown, we shall call for Nc identical replica of the Fermi elds,
which we shall therefore introduce into the model right in the beginning, thus dealing with N = NfNc
degenerate elds of colored quarks. Since the phenomenon to be discussed will be caused by the almost
massless modes, we may restrict ourselves to the almost massless up and down quarks. We will comment
later on the eect of the other quarks.
The Lagrangian of the model is therefore given by
L =  (i@=−m0) + g02Nc
h(   2 + (  aiγ5 2i (1)
where an implicit summation over a = 1; 2; 3 is assumed, if not stated otherwise. This Lagrangian is
not UA(1) invariant and is then an eective description of the strong axial anomaly.
A small diagonal quark mass matrix m0 breaks slightly the SU(2)SU(2) part of the chiral symmetry
which lifts the mass of the pion to a small nonzero value. We have omitted the more realistic flavor
symmetric, vector gluon exchange which would have given rise, after a Fierz transformation, to additional
vector and axial vector interactions, thus concentrating on the relevant scalar and pseudoscalar channels.
We also use the original nonrenormalizable interaction corresponding to an innite vector gluon mass,
since the chiral fluctuations to be investigated do not depend on such details. The coupling constant
appears with the number of colors in the denominator, Nc, for the academic reason that the model has
a nite Nc ! 1 limit at xed g0. The 2  2-dimensional matrices a=2; a = 1; : : : ; 3 generate the
fundamental representation of flavor SU(2), and are normalized by tr(ab) = 2ab.
Via a Hubbard-Stratanovich transformation, (1) is equivalent to a theory involving collective scalar
and pseudoscalar elds  and a:





Dening the propagator in the presence of the meson elds,
G  i
i@=−m0 −  − iγ5aa ; (3)
and adding quark sources, the Lagrangian can be rewritten as





+   +  : (4)
The generating functional of all Green functions is
Z =
Z






















denotes the collective eld action whereas the symbol Tr 
Z
dDx tr includes also the functional space-
time \index" x. The symbol tr is for trace over color, spin and flavor indices.
3We shall also dene a reduced trace Tr0  N−1c
Z







































For constant elds, this equation becomes a gap equation. Its solutions will be marked by a superscript
\s" for \stationary". From now on, unless explicitely stated, we shall consider the limit m0 = 0. The
pseudoscalar solutions sa can always be chosen to be vanishing, while the scalar solutions can be 
s = 0,
or s  0. In the rst solution, the ground state is chirally symmetric, in the second the symmetry
is spontaneously broken. This is the state of physical interest whose properties we shall now discuss in
more detail.
III. EFFECTIVE POTENTIAL AND GAP EQUATION
In the limit Nc ! 1, the generating functional is given exactly by the extremal eld congurations
which can be parametrized as (s(x); sa(x)) = (0(x); 0). The system behaves classically, with the
eective action per quark
Γ(0;Ψ; Ψ)
Nc













This shows that the solution of the gap equation with 0 6= 0 corresponds to massive quarks, which
have been generated by the spontaneous symmetry breakdown. The mass of the quarks, to be denoted
by M , is equal to 0, and is referred to as the constituent quark mass. In the present approximation of
zero bare mass m0, the contituent quark mass is about equal to 300 MeV for up and down quarks (see
the discussion in Ref. [6]). In either case, the Green function (3) at the stationary eld is diagonal in
flavor space.
Extremizing (10) with respect to 0;Ψa; Ψa yields the eld equations
iG−1Σ0Ψa(x) = [i@=− 0(x)] Ψa(x) = 0; (12)
1
g0




In the absence of external quark sources, the ground state expectation value of a fermion eld is always
zero and the expectation value 0(x) is constant, so that (10) reduces into
Γ(0)
Nc















4which becomes, after a Wick rotation to euclidean momenta pE with p0 = ipE;0; idDp ! −dDpE ;












We have devided the two sides of the gap equation by a common factor 0, supposing that we are in
the spontaneously broken phase.
This equation must be regularized, which may be done in many ways. Here, we shall use two methods:
the analytic continuation in the dimension D, and a cuto  in momentum space. The former is
mathematically more elegant and has the advantage of allowing us to relate the properties in four
dimensions with those in 2+". The second is more physical since it shows us the true divergence caused
by the innite number of degrees of freedom of the eld system. For rotationally symmetric integrands,
























bringing the gap equation (16) to the form
1
g0













Using the integral formula
Z 1
0







The volume density of the eective action (14), the effective potential per quark, is







ln (p= − 0) : (20)
where Ω denotes the D-dimensional volume
Z
dDx.































This expression contains a divergent constant term associated with the chirally symmetric state with

























For even dimensions D, both the gap equation (19) and the eective potential (23) are divergent due







we can rewrite the gap equation and eective potential in the more compact form as
1
g0










In the more physical form involving a cuto  in momentum space to regularize all integrals, these












































Since the physical number of quarks Nc is nite, the elds perform fluctuations of the magnitude
 1=
p
Nc around their extremal value. As long as Nc can be considered as a large number, the
deviation from the extremal eld conguration
(0; 0a)  ( − 0; a) (29)
are small, and the action can be expanded in powers of (0; 0a). The quadratic terms in this expansion
dene the propagators of the collective elds (0; 0a). The higher expansion terms of the trace of the
logarithm in (8) dene the interactions. With the decomposition (29), the propagator (3) of the quarks
may be decomposed into a constant part and fluctuations as
iG−1 = iG−1Σ0 − (0 + iγ5a0a); (30)
with GΣ0 of Eq. (11). Since 0 6= 0 is equal to the constituent quark mass M , we shall from now on
replace it by M everywhere. Then we have
Tr ln iG−1 = Tr ln iG−1M + Tr ln [1 + iGM (
0 + iγ5a0a)] : (31)
An expansion up to the second order gives
Tr ln iG−1  Tr ln iG−1M + Tr [iGM (0 + iγ5a0a)]−
1
2
Tr [iGM (0 + iγ5a0a)]
2
; (32)


















Z0  exp [−ΩENcv(M)] ; (34)
with ΩE being the euclidean volume. The inverse of the expression between the elds in the exponent
of Eq. (33) gives us directly the desired collective free eld propagators G′ ; G′ . In momentum space
we have


















(p2E + pEqE −M2)











(p2E + pEqE +M
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Combining (36) and (37) with the gap equation (16), we eliminate the term 1=g0 and obtain for the
two propagators





(p2E +M2)[(pE + qE)2 +M2]
−q2E − pEqE − (2M2; 0) : (38)
The notation (2M2; 0) indicates that only the equation for  contains an extra term 2M2. Performing the
momentum integrals with dimensional regularization we obtain, with the help of the formula (ab)−1 =Z 1
0
dy [(a− b)y + b]−2, the inverse propagators












−q2E − pEqE − (2M2; 0) : (39)







q2E(1− y) + (2M2; 0)
[M2 + q2Ey(1− y)]2−D=2
: (40)
In four spacetime dimensions, the denominator is unity, and the integral reduces to q2E=2 for the pseu-
doscalars, and (q2E + 4M
2)=2 for the scalars. The rst leads to a zero mass for pions as a manifestation
of Goldstone’s theorem, the second a mass equal to two constituent quark masses for the -mesons. To
have a nite result, we must regularize these expressions. Going to D = 4 −  dimensions, the inverse


















 −Z() q2E : (42)















q2E  −Z(Λ) q2E : (43)
In the last two equations, the factors in front of q2E have been identied as the wave function renormal-
ization constants Z of the pion eld in the two regularization schemes.
As a consequence of the spontaneous symmetry breakdown, the fluctuations of the pseudoscalar elds
are massless. These elds appear in the x-space version of the action (35) in a pure gradient form.









7In this normalization, the prefactor  is called the stiffness of the eld fluctuations [5,7{9]. Our
result (42) shows that the stiness of pion fluctuations in the Nambu{Jona-Lasinio model is given by
 = M2Z() : (45)





and coincides with the stiness calculated in Ref. [5] for the Gross-Neveu model (which contains a factor
N which has to be identied with Nf Nc = 2Nc).
With a cuto regularization in D = 4 dimensions, the stiness of ^0a-fluctuations is

















This is the crucial quantity on which our fatal conclusions for the lack of spontaneous symmetry
breaking will be based. We shall now demonstrate that the stiness (47) is far too small to let the
spontaneous symmetry breakdown occur. The disordering eect of phase fluctuations is well-knwon
from many model studies of the 0(4)-symmetric Heisenberg model on a lattice. High-temperature
expansions and Monte Carlo simulations show that there exists a critical stiness below which the
system goes over into a disordered state. For an analytic estimate of this critical stiness we use an




(@ni)2, i = 1; : : : ; Nn, (48)
where ni is a fluctuating unit vector with Nn = 4 components which we identify with the normalized
eld vector (^0; ^0a). In order to calculate the critical stiness, we relax the unit vector constraint by
introducing an additional eld (x) playing the role of a Lagrange multiplier. The ni-elds can be





−@2 + (x) −  Z dDx(x)
2
; (49)
where Tr denotes the functional trace (the summation over the elds component has already been
performed). For a large number Nn of components, the fluctuations are suppressed and the eld (x)








If there is a nonzero solution  6= 0, this will play the role of a mass of the ni-fluctuations. The model








For a smaller stiness, the phase fluctuations are so violent that the system goes into a disordered
phase with  6= 0 giving all elds ni a nonzero mass . Since the elds ni are the normalized  and a
elds of the model, this implies an equal nonzero mass of  and a mesons, and thus a restoration of
chiral symmetry. In our model, the number Nn is equal to four, which is not very large. Fortunately,
Monte-Carlo studies of the model have shown that Nn = 4 is large enough to ensure the existence of
the transition, and that the critical stiness obtained from (51) is correct to within 20%.























This equation determines the number Nc of identical quarks which is necessary to produce a sucient
stiness  to prevent the restoration of chiral symmetry. Only if the number of colors exceeds this
critical value of Nc, would the model really possess a phase in which the pion is a Goldstone boson and
the -meson a massive meson whose mass is twice as large as that of the constituent quarks. The critical
number (53) is plotted in Fig. 1. We see that Nc = 5 would be the smallest allowed value. This number,
however, is incompatible with color SU(3). This suggests strongly that the Nambu{Jona-Lasinio model
remains always in the symmetric phase due to chiral fluctuations, and cannot be used to describe the
chiral symmetry breakdown in quark physics, as has been claimed by many publications, in particular
in nuclear physics [3].
It is interesting to see that the same conclusion cannot be reached in the dimensional regularizaion
scheme. There the integral in (51) determinig the critical stiness vanishes. This is one of the typical
unphysical features of dimensional regularization [10], showing that this scheme can meaningfully be
used only in renormalizable theories, where all quantities which diverge in a cuto regularization are
physically irrelevant. Here they are not!
For completeness, let us estimate the size of the stiness parameter  numerically. It can be obtained
from the decay constant f which is oservable in the leptonic decay of charged pions. It is dened by
the matrix element of the axial vector current Aj =  γγ5(j=2) between a pion state at rest and the
vacuum:
< 0j@Ak ji(p) >= fm2ki: (54)
In order to caluclate this matrix element within the Nambu{Jona-Lasinio model, we have to allow for
a small mass of the pions by keeping a small nonzero bare quark mass m0 in the Lagrangian (1). This





On the other hand, the divergence of the axial current in (54) can be evaluated using the equation of






 γ5fm0; kg = m0Nc
g0
k: (56)
The right hand side contains the pion eld k of the model whose kinetic term contains the prefactor
Z. When taking the matrix element of (56) between a pion state and the vacuum, both of unit
normalization, we obtain a factor Z−1=2 . Thus we nd
f2 = M
2Z = : (57)
This equality is independent of the regularization scheme.
The experimental value for f is
f = 0:093 GeV (58)
so that the stiness of the chiral fluctuations is
 = 0:00865 GeV2: (59)
9In order to estimate the critical stiness, we must specify the cuto to be used in this model. Inserting
(59) into (47) and inserting for the constituent mass M half the -meson mass, which we take as
m  0:6 GeV, we nd that for Nc = 1, the cuto must be
 = 3:27 GeV (60)
to adapt the model to the  -  system in nature. For Nc = 3, we would nd the smaller value
 = 0:825 GeV. Inserting this into Eq. (52) for the critical stiness, we nd c  0:271 GeV2 for Nc = 1
and c  0:0172 GeV2 for Nc = 3. Both values are much larger than the model stiness in (59), such
that the model always remains in the disordered phase. The broken symmetry is restored by chiral
fluctuations and  and  exist with equal masses m2 = m
2
 = .
Our conclusions were derived from a study of only the ,  elds. The inclusion of other flavors does
not help preventing the restoration since the associated pseudoscalar mesons are quite massive, making
their fluctuations irrelevant to the described phenomenon.
V. CONCLUSION
We have shown that within a certain nonperturbative approximation the Nambu{Jona-Lasinio model
does not really display the spontanous symmetry breakdown for whose illustration it was contructed.
The fluctuations of - and a-elds restore chiral symmetry and make  and  equally massive. If
our conclusion survives in higher approximations, this would invalidate a large number of publications,
especially in nuclear physics, which have been based on the existence of a symmetry-broken ground
state of the model. In particular, all studies of the temperature dependence of the symmetry-broken
state [3], and of the classical solution [11] of the collective eld Eq. (9), would deal with nonexisting
objects, thus calling for further investigations.
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FIG. 1. Nc, extracted from condition Eq. (53), as a function of /M
